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SUMMARIES 
Quaternions furnish an example of the rise and 
fall in popularity of a mathematical theory. With- 
out attempting to trace its mathematical and socio- 
logical causes, this note highlights some moments in 
the history-of this phenomenon, as well as some of 
the scientists involved, especially the neglected 
mathematician, James Mills Peirce. 
Die Quaternionen liefern ein Beispiel des Auf- 
stiegs und des Falls der Popularitat einer mathe- 
matischen Theorie. Ohne die mathematischen und 
soziologischen Ursachen zu forschen, wird hier die 
Glanzpunkte der Geschichte dieses Phanomens, sowie 
einige in Beziehung stehende Wissenschaftler. be- 
sonders der VernachlXssigte Mathematiker, James 
Mills Peirce, dargestellt. 
When James Mills Peirce died on March 21, 1906, the Boston 
Herald and Transcript reported that he was considered "the 
world's authority on quaternions." Like many newspaper obi- 
tuaries, this may have been an exaggeration, but it cannot 
have been far wrong. After the death in 1865 of William Rowan 
Hamilton, the discoverer of quaternions, the "world's authority' 
was probably Hamilton's disciple, Peter Guthrie Tait; but by 
the time of his death in 1901 the quaternion star was on the 
decline, and quaternions have since been relegated to a small 
section in textbooks of modern algebra, as an example of a 
noncommutative division ring. There was a time, however, when 
mathematicians "believed" in quaternions. The present paper is 
an attempt to highlight this phenomenon and James Mills Peirce, 
one of the "true believers" in the cult of quaternions. 
Although the value of quaternions was debated from the 
beginning, the subject also had staunch supporters, and in 1848 
both the .Royal Irish Academy and the Royal Society of Edinburgh 
awarded Hamilton medals for his discovery. That was the year 
that Hamilton first lectured on quaternions at Dublin Univer- 
sity and the year that Benjamin Peirce of Harvard University 
offered a course which included "Hamilton's researches respect- 
ting quaternions" [Cajori 1890, 1371. Despite the fact that 
Benjamin Peirce "did more than anyone else to develop interest 
in quaternions in the United States," he "did no creative work 
directly within the quaternion tradition" [Crowe 1967, 1251. 
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Benjamin's son, J. M. Peirce, however, did original and creative 
work within this tradition. 
James Mills Peirce, Benjamin's eldest son, was born on May 
1, 1834. He graduated from Harvard College in 1853, the same 
year that Hamilton published his Lectures on Quaternions. After 
attending the Law School for a year, he became a Tutor in Mathe- 
matics at Harvard College. He left this position in 1858 (he 
was a student in the Divinity School from 1857 and graduated in 
1859), but returned to teaching in 1861 when he was appointed 
Assistant Professor of Mathematics. 
When Peirce' former classmate and fellow Tutor in Mathematics, 
Charles W. Eliot, was appointed President of Harvard University 
in 1869, he immediately promoted Peirce to University Professor 
of Mathematics. Thereafter, Peirce worked closely with Eliot 
in the development of graduate education at Harvard, a program 
that resulted in the founding in 1890 of the Graduate School of 
Arts and Sciences, of which Peirce has been called "almost the 
father" [Byerly 1906, 5751. 
There had hardly been any serious graduate study in any 
subject at Harvard before 1869; but in 1872 a Graduate Department 
was established, and the following year the first two Harvard 
Ph.D.'s were awarded, one to Peirce' student and later colleague, 
William Elwood Byerly (1849-1935). Peirce, as Secretary of the 
Academic Council, was the real leader of this department. He 
continued in this position for 18 years, until the organization 
of the Graduate School in 1890, when he became its first dean. 
In this new post "he continued with unabated zeal his work of 
fostering advanced scholarship" [Byerly 1906, 5761. 
In recalling their years together, Eliot later said: "To- 
gether we had shared the inspiration and stiumulus which came 
from his father Benjamin Peirce as a teacher, and together we 
profited by his father's advice during our early professional 
career" [Eliot 1923, 91. For Peirce, one "inspiration and 
stimulus which came from his father" was his enthusiasm for 
quaternions, so that in the 187Os, when Benjamin Peirce' health 
began to fail, James not only assumed administrative duties in 
the Mathematics Department [Cajori 1890, 1471, but also taught 
advanced courses previously offered by his father. From 1878 he 
was regularly teaching a two-year course in quaternions. 
Another person inspired by Benjamin Peirce' enthusiasm for 
quaternions was Thomas Hill (1818-1891), Eliot's predecessor 
as President of Harvard University. Hill graduated from Harvard 
College in 1843, having "attained particular distinction in 
mathematics, and invented an instrument for calculating eclipses 
andoccultations forwhich he was awarded the Scott Medal of the 
Franklin Institute" [Land 19331. In a review of Hamilton's 
Lectures on Quaternions (1853), Hill wrote: 
It is confidently predicted, by those best quali- 
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fied to judge, that in the coming centuries Hamilton's 
Quaternions will stand out as the great discovery of 
our nineteenth century.... The name of Hamilton will 
be . . . made immortal by its connection with the 
eternal truth revealed through him. [Hill 1857, 223- 
2261. 
The cult of quaternions at Harvard University was continued 
by J. M. Peirce, with an article on quaternions for Johnson's 
New Universal Cyclopedia [Peirce 18771. It appeared several 
years before P. G. Tait's "Quaternions" in the Encyclopedia 
Brittanica, 9th edition, and compares favorably with it. For 
most of his life Peirce cherished the idea of writing a treatise 
on the subject, as he wrote his brother Charles on October 9, 
1901: "I should be glad to finish before I die something that 
will be a real contribution to Quaternions and will promote its 
continued and more advanced study" [Eisele 1976, Vol. 3, p. 10721. 
Charles S. Peirce had earlier shown that he did not share 
his brother's enthusiasm for quaternions [Eisele 1976, Vol. 3, 
p. XXI. -But James' faith in the subject had been quickened in 
1895 when Pieter Molenbroek of the Hague and Shunkichi Kimura 
of Japan (at that time a graduate student at Yale University) 
announced the formation of an "International Association for 
Promoting the Study of Quaternions and Allied Systems of Mathe- 
matics.” Unfortunately, the first election of officers proved 
a failure. P. G. Tait was elected President, but declined to 
act on the ground of failing health; Kimura was elected Secretary, 
but in the meantime had to return to Japan, from where it was 
impractical to carry out the duties of the office; and Molen- 
broek, who was elected Treasurer, lost his health and was un- 
able to transact the duties of organization. Kimura and Molen- 
broek then asked Arthur Stafford Hathaway, Professor of Mathe- 
matics at Rose Polytechnic Institute (Terre Haute, Indiana), 
"to endeavor to bring the society into more active existence" 
[Joly 1901, 91. 
The next election took place, at Hathaway's suggestion, at 
the meeting of the British Association in Toronto in 1897. 
Alexander Macfarlane was elected Secretary to replace Kimura; 
Molenbroek remained Treasurer, as it was hoped (in vain) that 
his health would improve; and it was resolved that Sir Robert 
Stawell Ball be requested to act as the first President. This 
slow process of organization drained away some of the early 
enthusiasm, but in the Association's "Bulletin" of March 1900 
there are listed 68 members, including "National Secretaries" 
for 11 countries. For countries with only one member, e.g., 
Peano in Italy, that member was by rule the National Secretary. 
(The "Bulletin" was issued from Toronto. Macfarlane was then 
Lecturer on Mathematical Physics at Lehigh University, South 
Bethlehem, Pennsylvania, but gave his address as Chatham, Ontario, 
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which was also the address of William Edwin Hamilton, son of 
W. R. Hamilton and editor of his posthumously published Ele- 
ments of Quaternions.) 
The stated object of the Association was "to further in 
every way possible the study of the calculus of vectors and 
related quantities." However, quaternions were neglected from 
the first, for the elections of Ball and Macfarlane brought in- 
to control two men who, in one way or other, had sided with 
the "vectorialists" in the "vectors versus quaternions" con- 
troversy in the years 1890-1894, a controversy begun by P. G. 
Tait's reference to J. W. Gibbs as "one of the retarders of qua- 
ternion progress." (For a discussion of this controversy, see 
Crowe [1967, 182-2241.) Although this probably discouraged J. M. 
Peirce, who was listed in the first treasurer's report (1899) 
as having made a $5 "donation" to the new organization, he re- 
mained a member of the Association until his death in 1906. 
The Association continued in existence until 1913. In the 
"Bulletin" for that year, Secretary James B. Shaw reported the 
death of Macfarlane just before the Bulletin was completed and 
noted: "As all the terms of office expire with the end of the 
current year, this leaves the Association almost in a state 
dem.anding a reorganization." The reorganization seems not to 
have occurred and the Association apparently dissolved. 
J. M. Peirce was a devoted follower of Hamilton: his 
brother Charles wrote in 1910 that James "remained to his dying 
day a superstitious worshipper of two hostile gods, Hamilton and 
the scalar&i" [Archibald 1927, 5271. But he was not unaware 
of the newer "Vector Analysis." J. W. Gibbs sent Peirce a copy 
of his pamphlet with this title, which Peirce acknowledged on 
March 10, 1884, with appreciation, especially of the linear 
vector function. Indeed, Peirce asked for more copies for use 
in his class LWheeler 1962, 2221. Peirce' plans for writing a 
treatise on quaternions were not realized, but his two publica- 
tions in this area of mathematics were directly within the quater, 
nion tradition. (For a list of Peirce' publications, see Kennedy 
[19791.) 
In January 1899, Peirce (on leave of absence from Harvard 
University) visited his brother, Herbert Henry Davis Peirce 
(1849-1916), at that time First Secretary of the American Em- 
bassy, St. Petersburg, Russia. He sent from there a note on 
"Determinants of quaternions," which Maxime B&her, his colleague 
(and former student) at Harvard University, read for him at the 
meeting of the American Mathematical Society held on February 25, 
1899. Only an abstract of this paper was published [Peirce 
18991; in it Peirce saw as his principal result the connection 
between linear equations of quaternions and determinants of 
quaternions. He wrote: 
The condition for quaternions [to satisfy a linear 
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equation] are given in another (somewhat empirical) 
form by Hamilton. But their relation to the theory 
of determinants is not indicated and this seems to 
the writer to give the true key to the subject of 
linear equations [1899, 3371. 
Peirce' most original treatment of quaternions was his paper 
"On certain complete systems of quaternion expressions, and on 
the removal of metric limitations from the calculus of quater- 
nions" [1904]. Here Peirce introduces the duality principle 
and the principle of homogeneous coordinates "in order to make 
possible an application of quaternions to the field of projective 
geometry, which has hitherto been closed to quaternions" [Jahnke 
1904, 5811. The article shows a remarkable dedication to the 
cause of quaternions, but the peak of their popularity had long 
since passed. No one thought it worthwhile to cultivate the 
new field thus opened up by him. 
Despite the declining interest in quaternions near the turn 
of the century, any shadow cast on Hamilton's priority was sure 
to bring cries of outrage from the true believers. An example 
of this was the reaction to a remark of Felix Klein in a progress 
report on the publication of Gauss' Werke. Klein said there: 
And what may appear even more surprising, already 
in 1819 he represented the "mutations of space" (as he 
says); i.e., the rotation of space about the coordinate 
origin, together with an arbitrary similarity transforma- 
tion diverging from the latter, by means of the same 
four parameters, which the later quaternion theory uses; 
he designates the four parameters taken together as a 
mutation scale and gives explicit formulas for the com- 
postion of two scales (therefore the multiplication of 
two quaternions), using for this the symbolic expression 
(abcd)*(aByS) = (ABCD), and he expressly remarks that 
this is a case of a non-commutative process! [Klein 1898, 
130-1311. 
(Klein was referring to the note in Gauss' Werke, Vol. 8, pp. 357- 
362.) 
This brought immediate reaction from partisans of quaternions, 
notably P. G. Tait [1899] and C. C. Knott [1899], who warmly de- 
fended Hamilton. Knott's extreme partisanship for quaternions 
had been shown in the quaternions versus vectors controversy 
already mentioned, especially in the pages of Nature. He wrote 
there: 
That they can re-cast many quaternion investiga- 
tions into their own mould does not prove their mould 
to be superior or even comparable to the original. 
Yet, in so far as they possess much in common with 
quaternions, the modified system used by Gibbs, Heavi- 
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side, and Macfarlane cannot fail to have many virtues 
[Knott 1893, 1491. 
Knott closed with a quotation from the poet John Milton: 
His form had not yet lost 
All her original brightness, nor appeared 
Less than Archangel ruined. [Paradise Lost, Bk. 1, 
lines 591-5931. 
With the passing of such true believers as Tait, Knott, and 
Peirce, the cult of quaternions seems to have ended, but articles 
advocating quaternions have continued to appear. (See, for ex- 
ample, Edmonds [1974], which also includes a list of such articles.) 
And as Alfred Bork wrote in 1966: 
We should keep in mind that no conceptual scheme, 
no concept, no notation is ever completely dead; they 
have a habit of reappearing at later stages in the 
history of physics, often in very different contexts. 
The quaternions furnish an interesting example. Many 
physicists today are unaware of their existence. Never- 
theless, they have had a small but persistent use in 
physics in the twentieth century, particularly in pro- 
blems relating to quantum mechanics and quantum-field 
theory. Perhaps we shall again see a great resurgence 
of the quaternion. [Bork 1966, 2111. 
Or, as Milton further described the "Archangel ruined": 
But his face 
Deep scars of thunder had intrenched, and care 
Sat on his faded cheek, but under brows 
Of dauntless courage, and considerate pride 
Waiting revenge. [Paradise Lost, Bk. 1, lines 600-6041. 
NOTE 
I am grateful to a referee for calling Edmonds [1974] to 
my attention, as well as Naiman [1974], which I have not seen. 
The referee writes: "This dissertation does not treat Peirce, 
but it does supply useful background information." 
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